55  OpOl 86.00 


PHASE  SPACE  PATH  INTEGRALS, 
WITHOUT  LIMITING  PROCEDURE 


Maurice  M./  Mizrahi 


Professional  Paper  No.  186 


The  ideas  expressed  in  this  paper  are  those  of  the 
author.  The  paper  does  not  necessarily  represent 
the  views  of  the  Center  for  Naval  Analyses. 


CENTER  FOR  NAVAL  ANALYSES 

1401  Wilson  Boulevard 
Arlington,  Virginia  22209 


L 


PHASE  SPACE  PATH  INTEGRALS,  WITHOUT  LIMITING  PROCEDURE 


Maurice  M.  Mizrahi 
Center  for  Naval  Analyses 


of 


The  University  of  Rochester 

1401  Wilson  Boulevard 
Arlington,  Virginia  22209 


: i 

1 1 


4 


ABSTRACT 


This  paper  defines  path  integrals  in  phase  space  without  using  a 
time-division  approach  followed  by  a limiting  process,  thereby  generalizing 
a similar  procedure  used  in  configuration  space.  This  is  useful  since  the  path 
integral  approach  cannot  always  be  formulated  in  configuration  space  (e.g., 
when  the  Hamiltonian  is  arbitrary)  but  can  always  be  formulated  in  phase 
space.  The  most  general  Gaussian  measure,  absorbing  the  quadratic  portion  of 
the  functional  to  be  integrated,  is  constructed,  and  large  classes  of  path 
integrals  are  evaluated  with  respect  to  it.  Applications  are  given  to  the 
perturbation  expansion  and  the  semiclassical  (WKB)  expansion  for  arbitrary 
Hamiltonians . 


\ 
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I.  INTRODUCTION 


The  quantum-mechanical  propagator  f or  probability 

amplitude  that  a particle  at  position  at  time  t will  be  at  position  9 

ft,  'O 

at  time  , can  be  written  as  a phase  space  path  integral: 

^ ~ J' [t 4^ J*  j ^ ft 

? 0) 

where  H is  the  classical  Hamiltonian  of  the  system,  or  a quantity  suitably 
related  to  it\  and  ^ is  the  space  of  phase  space  paths  Cl,t)  satisfying 
<\  (M  = <k  1 = 1b  , with  f(fc)  unrestricted,  The  integral  is 

usually  defined  by  the  time  division  procedure^,  i,e. 


K 5 X/Sffis. 


gv>  e>o 


rL,  (Z1*T"  ” 


with  S % » °io  2 % • te  £ t*  * and  5 tb  • We  work  ln 

one  dimension  to  simplify  the  discussion.  The  results  can  be  easily  generalized. 

The  Einstein  summation  convention  over  repeated  indices  is  used  throughout. 

The  limiting  process  makes  the  scheme  difficult  to  use  for  eomputat ional 

purposes,  not  to  mention  questions  of  mathematical  legality.  It  has  been  done 
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away  with  in  the  case  of  the  Wiener  functional  integral  , and  the  method  was 

later  extended  to  Feynman  path  integrals  in  the  configuration  space  of  quantum 

4-9 

mechanics  . The  new  formalism  rests  on  defining  what  plays  the  role  of  a 
measure  in  path  space  by  its  Fourier  transform,  which  is  a simple  closed-form 


expression.  This  is  all  that  is  needed  to  completely  define  the  object  and 
reduce  many  path  integrals  to  ordinary  definite  integrals  . We  do  not  treat 
the  mathematical  problems  here,  as  we  are  mainly  concerned  with  developing 
computational  techniques. 

The  purpose  of  this  paper  is  to  extend  this  limiting-procedure-free 
formalism  to  phase  space.  This  is  necessary  not  only  from  the  point  of  view 
of  completeness,  but  also  because  phase  space  path  integrals  are  more  basic 
than  configuration  space  path  integrals.  Indeed,  the  latter  provide  a solution 
to  the  Schrod,inger  equation  only  for  Hamiltonian  operators  quadratic  in  the 
momenta,  whereas  the  former  apply  to  arbitrary  Hamiltonian  operators^’ a 
useful  generalization. 

After  constructing  the  most  general  Gaussian  measure  in  phase  space, 
we  evaluate  large  classes  of  path  integrals  with  respect  to  it,  and  present 
applications  to  the  perturbation  expansion  and  the  semlclassical  expansion  or 
arbitrary  Hamiltonians. 


II.  CONSTRUCTION  OF  THE  PHASE  SPACE  MEASURE 

We  wish  to  construct  the  most  general  Gaussian  measure  W”  in  phase 
space,  the  one  which  will  absorb  the  entire  quadratic  term  in  the  functional  to 
be  integrated.  To  be  more  specific,  this  measure  will  be  equivalent  to: 


where 


Zm\ 

and  K.  is  the  normalization  factor,  ensuring  that: 

./■A*'-  (^,<\)  = I 

■? 
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It  Is  readily  observed  that  must  be  the  propagator  associated  with  the 
Hamiltonian  • The  functions  jW,  f(n  , and  fW  depend  on  the  problem 

investigated.  If  one  wishes  to  write  a path  integral  for  a Hamiltonian  of  the 
form  H0  H j , where  f"f j contains  the  terms  beyond  quadratic,  then  the 
measure  ur  enables  one  to  obtain  the  propagator  as  a perturbation  expansion 
in  powers  of  0^  . If,  in  a more  useful  application,  one  first  expands  the 

action  functional  about  the  classical  position  and  classical  momentum, 
and  , then  the  measure  W”  yields  the  terms  of  a semiclassical  (WKB) 

expansion  of  the  propagator.  The  functions  ^ , -f  , and  then  contain 

and  t.tt)  . All  this  will  be  further  examined  below. 

A proper  way  to  define  (arid  use)  UT  without  the  time-slicing  procedure 
that  (3)  entails  is  to  build  its  Fourier  transform.  The  Fourier  transform  of  VT 
can  be  written  as: 


(0 


lJ W (/v)  :/e 

where  jU.  and  V * are  elements  of  , the  space  of  bounded 

the  time  interval  r e . For  example,  if  ^ is  induced  by  a function, 

i.e.  dy  (*)  sf(t)<Ur  , then 

<>M>  a ; 


measures  on 


(7) 


if  jui  is  ^ , the  delta  function  at  5 , then 


(0 


The  fundamental  observation  is  that  if  we  put  <*Mt1  = BW/t  and 
, then  the  Fourier  transform  (6)  is  nothing  other  than 
K/K.  , where  K is  the  propagator  corresponding  to  the  auxiliary 
Hamil tonian 


u 
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Both  K and  K&  can  be  calculated  exactly  given  the  associated  classical  path*. 
Indeed,  since  both  correspond  to  quadratic  Hamiltonians,  their  reml class leal 
(WKB)  approximations  are  exact.  The  latter  are  given  by: 


«r  ( m ■ 


(10) 


where  is  the  action  functional  evaluated  at  the  classical  position  and 
momentum  £J  and  ^ , and  M is  the  Van  Vleck  - Morette  function  mm.'b  s<  /H?V 

Thus,  the  pro.blem  of  determining  the  phase  space  measure  V reduces  to  solving 
the  classical  problem  for  H and  • Note  that  the  quantum  operators  corres- 
ponding to  the  terms  in  H and  |4e  are  the  symmetrized^  PQ4<9P>. 

' • 1>  ¥«/*  *• 

We  first  state  the  main  theorem,  then  we  prove  it. 


THEOREM  1.  The  normalized  Gaussian  measure  w(-n)  in  phase  space  corres- 

ponding to 


» a ^ 

° *<k 

- { <]  ikil 


has  the  following  Fourier  transform  : 


0'} 


7w-0',v)*  5 S 

1 L r t 

TT  Tr  0») 


T rr  J 


03) 


where 


<l)  y.e  { &«,<J «)]  Te  £^,tk]  1 1 (M =<!».*)  IM  = 1,  / 

| (A)  | 


(n) 


M 
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(2)  the  normalization  factor  KA  is  the  propagator  corresponding  to  the  Hamiltonian: 


He  = Pz  + Ifd-jG?1  t J-4(tUP<2 1 ®P)  , 


O^J 


for  which  the  WKB  approximation  is  exact. 


Ac<(.4:)  s i ^3((r)s  ( ^ ^ 

V (t)  / 

Y'  (t)  s ( 5 X (4r)^  > ti^e  average  path  in  ^ with  respect  to  the 

* » measure  UT 

c llc.UrVl,«.<t0 ; Cm) 

where  Q and  “P  are  the  classical  position  and  momentum  corresponding 

‘Cm  'eO 


to  • They  are  related  by 


£&-■*« 3v*>- 

<5>  . 5d,0\ 

is  a Green  function  of  the  small  disturbance  operator  in  phase  space  corres- 
ponding to  : 


OV 


(ii) 


O'  = 


-T(U 

-■few+i 

at 


do) 


is  independent  of  ^ and  ^ . 


(zi) 
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(6)  ft,  (t.t'j  is  the  (symmetric)  Green  function  of  the  small  disturbance 
operator  in  configuration  space  which  vanishes  at  both  endpoints: 

-i(t) j-fttjjtt) -m* te'l 

~ gai  At  *’  ® 9«-)  •* 


~ -<>•  to) 


- v*  S lV-t') 

The  <5  function  term  in  (25)  is  always  cancelled  by  a similar  term.  When 
and  (t^  are  continuous,  but  Or  bas  a jumP  of  magnitude  1: 


I £***  - \ G (fc,t')  = 

U->t' 


= I . 


(26) 


Note  that  the  measure  does  not  split  the  path  integral  into  an 

integral  over  momentum  space  followed  by  an  integral  over  configuration  space, 
each  with  its  own  measure.  Thus  one  truly  has  a "phase  space"  path  integral. 
However,  the  measure  UT  induces  in  a natural  manner  measures  W^and  on 

configuration  space  alone  and  momentum  space  alone  by 

(y)  5-  JFw  ( , o)  ' a™1  3"^  (V)  = ^ 

The  measure  in  the  configuration 

space  of  paths  such  that  is  studied  in  Ref.  7. 

frroof  of  Theorem  1 

The  Lagrangian  corresponding  to  H0  in  (A)  and  the  LagranRian  L_ 
corresponding  to  the  auxiliary  H in  (9)  are: 


7 


l = Ji  - 8(^1  - lli~> 

(*r0 


2fp) 


2^> 

The  classical  paths  <7  and  <3  satisfy  the  Euler-Lagrange  equations: 

lc  co 

Q.  9 (0  ^ * (v)  • 

1 c 

& -1  (0  = 0 , (2-0 

where  Q,  is  a second-order  linear  differential  operator: 

fc(0  (32) 


q = iP  in'  i + 

1 a(H<Mr  ^ ftiu 


~ dlP  Jllr)^  *"  ° j(U 

and  Wit)  depends  on  .A  (i  ^ and  B ( t ^ : 

u(ir)  - fi(i)  BtOgit)  +-  JUHAtv)  -)U*)|y)  ■ 

Both  classical  paths  go  through  at  and  ^ at  f ^ The  substitutions 


(35) 


<1  to  = t>  <t)l  H 
L 3(M 


;li 


a4  q (0-  t)  (v)  3ii>l 
•'O  c LjfOJ 

eliminate  the  /it"  term  in  » and 


V/*2 


3<wJ 

replace  (30)  hnd  (31)  by 


(St) 


S>  D (V)  = 

'HOI 

l ^ 

(3?) 

-3«)j 

2)  f>,p0)=  O , 

(3c) 

where 


\i 


) 


- 


rr- 55 
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S>  = dl  - ur(0 


C?7) 


with 


%y"  •‘•ftn  M ' (3,) 


Note  that 


Q fit-)]  = 

Let  D(  (t)  and  be  two  solutions  of  (36),  subject  to  the  boundary 

conditions: 


(3*1) 


b,(tw)  = l 

b2  (H)  - » 


D,  (h)  = o 


(V  o) 


. * • 

The  Wronskian  W s P(  is  constant  for  equations  of  the  form 

5)  Di'Vj^O  . In  this  case  the  boundary  conditions  indicate  that  W is  equal 
«■  ' 

to  1.  Since  W is  different  from  0,  C>(  and  are  linearly  independent, 

and  the  general  solution  of  (36)  is  a linear  combination  of  P(  and  . If 

define  the  antisymmetric  kernel  -TCt,  t')  by: 


we 


T (V,t‘)  = b,(t')t>,  (t) 


(vt) 


then  the  classical 


path  Q 
lei 


can  be  written  as 


<]  (t)  = Jiitj.  [<?  3(t,tb)  ^ a 1 

'co  zr'^T x ^ 'b  1 * 

The  classical  path  *}  can  be  easily  shown  to  be 


M 


j (0  = ^ Hr)  - f iiif) 

where  £x  is  the  (symmetric)  Green  function  of  2)  which  vanishes  at  both 

/Vw 

endpoints: 


M 


n 


- 


Thi 


( ; 6(V,f)  - G^',0  f***) 

y /va 

. cS-  f (ra  ,-t)  ^ G-  Cti,,  t)  o 

s Green  function  can  be  built  from  the  solutions  t).  and  £)  of  <5)  l)  - O 


It  is 


6,8,9. 


6i(t  lf)  (l+6j 

being  the  Heaviside  step  function,  equal  to  1 for  O and  0 otherwise. 

This  can  be  verified  by  direct  substitution. * If  U.(iJ  is  replaced  by  its 
expression  (33)  in  terms  of  A and  B , and  the  A term  is  integrated  by 
parts  (the  integrated  term  vanishes),  then  the  difference  ^ °f  the 

classical  paths  depends  linearly  on  f\  and  B as  follows: 


^(t)  = \b)'%  (0  = /am  + / 13(0 


r 


where 


cofs,4r)  = JUT*  [ j |ii'  - hO  + ^,0 

V Jls)  i 1 3 li)  Di  J 


(47) 

(Vi) 

(VI) 


As  we  established  earlier,  the  Fourier  transform  of  the  measure  ucT  is  the 
ratio  K /K0  0f  the  propagators  corresponding  to  H and  , which  in  turn 

happened  to  be  exactly  equal  to  their  WKB  approximants . If  r^yU(V)  "= 
and  ^VB)=A(0/^  • then 

Svt(6,A)  = J1  - .|H  e^bH-  f L(«  i -t)cUr  N 

K„  VM„  Ij  t,  ^ 1 ’‘rh  > ’ (SO) 


t A 
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The  Van  Vleck  - Morette  functions  M and  M0  are  equal  since  H and  differ 

only  by  terms  linear  in  and  ^ . We  give  their  value  for  completeness.  It  is: 


M _ ^ 


Wi 


This  can  be  easily  proved.  Indeed, 

. a 


(n) 


fi  ^ ^ ^ 

since  - — ^)St  /t><j  • The  momentum  corresponding  to  the  Lagrangian  1— 

in  (28)  is 


^ ' A,4r)  "k<0^  ' M 

and  hence  d ^ ^ ^ ( t"n.)  ^fj£  ( / d . The  result  can  then 

be  easily  establised  by  using  (42),  (41),  and  (40),  along  with  the  fact  that 
the  Wronskian  of  D(  and  is  1. 

Substituting  (28)  and  (29)  in  (50)  yields: 

Jw  (6  A)  ^ 1 1 T / 'An  >]  • 


- J Btt-> II  IfuiWLilt-W?  (O] 

.co  l~  co 


Now  substituting  for  ilt)  its  expression  in  (47)  yields  the  full  explicit 
dependence  of  °n  A and  B , which  is  of  the  form: 


(sm) 


11 


7A  (6/)  = 


; ^ui-5  - - j^(l)A (l)A* 

' >>  (.  T r 

- - 1/  l tt6Ujt')Ak  )Atf)MrM' 

1 rr  rr  " 


The  various  functions  entering  this  expression  are  calculated  below  one  by  one 
and  found  to  be  as  given  in  the  statement  of  the  theorem.  Since  they  will  involve 
small  disturbance  equations,  we  think  it  useful  to  first  exhibit  these  equations. 

Equations  of  small  disturbance^ 

The  small  disturbance  equation  (or  Jacobi  equation,  or  equation  of  geodesic 
deviation  in  the  language  of  curved  spaces)  is  that  satisfied  by  a small  deviation 
from  the  classical  path.  Thus,  since  the  Euler-Lagrange  (or  Hamilton)  equations 
yielding  the  classical  path  are  obtained  by  setting  the  first  variation  of  the 
action  functional  equal  to  zero,  the  small  disturbance  equation  is  obtained  by 
setting  the  second  variation  of  the  action  equal  to  zero.  For  Lagrangian  actions, 


it  is 


J)  od(i ) « O 


( $ k) 


where 


is  the  small  disturbance  operator  in  configuration  space: 


js  a j A . r a /tfuVl  a.  + At 

~ l ^ i tUr  c\i-  W 


"A  I Air 


( s 7) 


For  Hamiltonian  actions,  it  is 


r-i 


? (s)  • o 


(si) 


where 


& i 


s the  small  disturbance  operator  in  phase  space: 
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O'  = 


/-'£H 

- 7)?'H  _ d \ 

1 

1 — — +■  ■ — 

l cM 

'H*  A 

/C<i) 


f “ft 

In  the  case  of  Ha  , & and  $ are  given  hy  (22)  and  (20).  An  interesting 

<7 

observation:  the  elements  of  can  be  used  to  form  >0  as  follows: 


(M  J L J(V\ 

Note  also  that  and  Q.  are  related  by 


/6I) 


J = Q 

git)  - 

Calculation  of  the  elements  of  the  measure  VaT 

All  the  calculations  below  involve  integrations  by  parts  where  the 
integrated  term  vanishes  due  to  (45).  The  comma  denotes  differentiation  with 

i 

respect  to  the  variable  indicated.  Thus  with  reference  to  (55),  we  have: 

The  BB  term 

«i  1 ' -f  31ft 

+ «fii  6<s)[sr(t:,0<r^]  . 

r 3W  T 3ls) 

= 3a((,r)  + [y^Ts] 


r i 

- VO  42(0  1 (f({ 

ft*) 

La* 

gw  J 

The  operator  between  curly  brackets  can  be  easily  shown  to  be  ^ 

i.e.  ~~  JH  . From  (39),  (45),  and  (49)  we  can  establish  the  relation: 


L!L!_  „ . 3 


**  r 


Substituting  in  (62) , we  have 


Gr  ( t,t')  = <T  (tyt1)  £ *-* 


(U) 


a«) 


Therefore,  (x\.  (t'.t')is  indeed  a Green  function  of  J which  vanishes  at 

L C<*>  ^ i ,/ 

and  . Since  it  is  symmetric,  it  is  continuous  along  the  diagonal  \T » v .Q.E.D. 
The  AB  term 

- "ft',  0 + ^}[|,  - *«')]  <r(b,0 
+ /ff  ( t ,*>«<*  ’,i)  [f  ( ‘1  - ^)>  * *"  / ^7) 4 w ■ 
x j>(t',sKM3s  - wv /ii  W/!  (*,i)  (a) 


[ — (-*Ck')V(*/0  -jw(tVs)  Ji  cr(t,>) 
>"■>  l“  J * (U) 


ft'/) 


in  view  of  (64)  and  (23).  Q,fc.t>, 

Using  the  specific  expression  £.(64)  with  (46)J  of  Cra^  , we  have: 

ed/)  * | 

+ j(u,v)T(v,tk)  v(f-t)]  +.j(tA,t)  tw)y(t-t') 

It  is  readily  verified  that  (j r has  a discontinuity  of  magnitude  1 along  the 
diagonal  t •( iwA  - JU**  \ £ (£  - | - For  this,  one  only 

Vk**t'  lUJ  ' ' 
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needs  (41)  and  the  fact  that  the  Wronskian  of  and  is  1.  Q.E.D. 


The  AA  term 


\ -r  ^(V')  J 


r 3<v> 

- fed  id  (ir \^) 


r 

Using  (63)  and  (64),  we  have: 


(d) 


j W(t»*  ^ r*w)  - ^ 

~ t j(t)  L . (V)  -it'  J 

J2-  [ » -l(t',fL(M')  - -sfl-  Slfc-t-’J 


do) 


which  gives 

<? AtX)  =■  ■%- 


_W.  fi  jitt\  + 2.1  6(i,l  ')  _ wv  0 1 1 - t_) 

v^u  )<*>  Vjit)  gttj 


irff 


(T) 


V 

. r & 2.  .#(v'j)«f.(v.t')-  m) 

gi njir)  U * J «»-  3n) 

Using  the  specific  expression  £ (64)  with  (46)J  of  « we  find  that 


the  $ function  term  cancels  another  similar  term  (due  to  the  fact  that  the 
Wronskian  of  t)(  and  is  1)  and  we  are  left  with  the  following  expression 

for  , symmetric  and  continuous  along  the  diagonal  "t  = t : 

<?r(u')=  wiy(td i)  [j(bKrt)WA)mw) 

/jTTi jTPi 


lb 

4-  t ^ t* 


I'll) 


where  S (t)  tr)  and  F~(  V,  b')  V t v t"  ^ p(  J ' I ,1 


The  B terra 


r d } 

= Hr)  4 ^fp^Ki')  Q.i.(t')  7 L (0  W 


by  virtue  of  (31).  Q.E.D. 


The  A term 


r 


yV\ 

JW 


-i^u'H/tvt'J] 

laV1hOvv)+^/£w(^')-^  Lt,) 


/W\ 


W) 


la -Hi..1" 


= t„  ^ 


(H) 


by  virtue  of  (31)  and  the  fact  that  -j9  — ( c)  Lc  j ^ cj  ) ^ 


. Q.E.D. 


The  relations  we  have  derived  so  far  make  it  simple  to  verify  that  ^'d.O 
in  (19)  is  indeed  a Green  function  of  the  small  disturbance  operator  (20)  in 
phase  space.  The  "11"  term  of  the  resulting  metrix  is  i)  ( V ' t;)^ecause  °f  (67) 
and  (60).  The  "12"  term  is  0 because  of  (25),  (60),  and  the  fact  that 
(t)/0 1'  + — 0 . The  "21"  term  is  0*  because  of  (67). 

Finally,  the  "22"  term  is  S ( fc  " t ) because  of  (71).  The  fact  that  ( ^ , j’ ) *s 
the  average  path  will  be  proved  later  in  the  paper. 

Example  1;  The  Free  Particle 

For  a free  particle,  & (l)  - /’/()  -p  0 , 0({)  ~l  • H'c  s-  ^ , 

J ^ .-WVcU1  , t>,  ft)*  l , n-)_*  , 

and  fJ)  a M / ~T  . The  covariance  of  the  corresponding  measure  in  phase 
space  is  (19),  where: 
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M 


T 


G M,t') 


ftb-OY(hP)  - ft-t-.m'-tr) 


(70 


(77) 


r 


6t(t,A » 'T 


(r=(k-t,)  m) 


have  Jl  & , (t/t')  - . The  average  position  and  momentum  are 


We  nave  '"Vtl, 

the  classical  ones: 


1 It)'- 

'Co 

f (-t)  , ^ 

» c c <■ 


\ n-u)  + % (u-o 

T 


(7“0 

(lo) 


The  Wiener  measure  for  a free  particle  in  Brownian  motion,  defined  on  the 
configuration  space  of  paths  ^ | ^ ((")  I =■  r)  ( a) vwuvfsuit 

can  be  readily  extended  to  the  phase  space  defined  by 


*?  £ | L^V^U)]  67vT  = [ ^ fth\  J ^(K)  = 0,  fit)  ti  j 

. The  covariance  *i  (t  ,t')  is  then 

x [(I'-toyiMO+h-uym'-o  yd-i  A 


by  letting  oO 


(%0 


XJ  (M')  = 


yit'-u 


0 


y 


( U) 


' 


! 


N 


The  "11"  term  is  a (symmetric)  Green  function  of  the  small  disturbance  operator 
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- vn  £l/dJcl  such  that  tOitl-o  . It  Is  discussed  in  Refs.  4-6. 

Example  2:  The  Harmonic  Oscillator 

For  a harmonic  oscillator,  — 0 , 4 C(r)  s ) , ^ ( G ) w'v  00  » 

s ^ 3"  (t,t ')  s u)''A^  u(t'-ir) 

and  jv^J  at  w u)  /'avv'oOT  . The  covariance  of  the  corresponding  measure  in 
phase  space  is  (19),  with: 

W\  C*S  oO"T~  { 23^ 

^ ^ ^ ^ _ ^cv/VHCaocqU1-  VOr-^1)-  CtPcO(^-t>)4v^U?((--MYU  ;j) 

C?;/) 


(X  (L-,t')- ^^rcCT.4lrH)c.^(t^4Vft40  + c«<ottk4)c^u)((ra„)Vil,.uJ 

(?'•) 

We  have  A C f)?.  ^ ' V 0 . The  average  position  and  momentum  are 

ftp  ' ’ 

the  classical  ones: 


<lc  o ( t ) * ccT)‘  1 ' [ ^ 4^  ^ ( *v - ±)  *-%  ^ ^ t ^ ^ J 

■j?  (f ) ^ K»cO  (/^\u>T ) C<n(A>  (1  -i/t)  - ^ Coia)  ((},-'{' )J 


^ ( t <Ta  ^ J 

(it) 

C% 7)  ia)  ( i j, ' t )”| 

(V?) 
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III.  PATH  INTEGRATION  IN  PHASE  SPACE 

We  now  show  how  to  carry  out  the  path  Integral  of  a cylindrical  functional 
with  respect  to  an  arbitrary  measure  In  phase  space  given  by  Its  Fourier  trans- 
form. A cylindrical  functional  is  one  which  depends  on  only  a finite  number  of 
terms  of  the  form  ^ ^ or 

°r  t)-  T 


THEOREM  2.  Let  UT  be  a measure  in  phase  space  J defined  by  its  Fourier 

transform  jFw-  ( t V ) .A  cylindrical  functional  F"  on  J can  be  inte- 
grated over  ^ with  respect  to  the  measure  by  reducing  it  to  an  or- 

dinary integral  as  follows: 

1 = / F(<N ')>,-/  <N,‘V>,<vi.P ' 

9 


Proof 


This  proof  is  similar  to  the  ones  used  for  similar  formulas  in  configu- 
ration space  path  integrals  without  limiting  procedure”*’ ^ . Consider  the  linear 
continuous  mapping  R : 
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P„„  • CP  rR^'"  (q,^  ^ (*,•»)  vrW 

^ 4 I i4 


uv  - </v  fa  ' '- ' *r" 


- <va'/t'7  fa 

m) 


*A 


Under  this  mapping,  we  have 


I*  / F (*,  , ..•/  Un^,,  ••  K0) 

jRA4*'n  "'** 


he) 


where  W~p  ‘ is  the  image  of  vaT  under  ^ . This  image  is  a measure  in 
#‘By  theorem^,  !j \v  ( \ /*\  ) - TvJ"  [ P„  ^ ( \ (*[  )],  where  \ d ff?  , 

• |1 1 W)  * ^ ^ yy\  M 

/rj  ^ |f^  f and  ^ is  the  transpose  mapping  from  l\  to  ^ , the 

space  of  bounded  measures  on  the  time  interval  T = I P<a , ^ K^l  • We  have: 

< P„„  (Vi);  l%vy  S - <<Vrt ; Kv» 


= t-VL+^.V  = VVfV,^  +'11<Vj  ,t> 
- <(V /v  ; "T1  V, ) ; (1>) 


and  hence  ^ ( %,'*])  ' ( ^ Ka  , ^ ^ V j ) 

Kv)  - ,T‘v3)] 

C ^2Ti)  cW  , . . • cW  w cW.  • • ^ 


. Therefore: 


* ( ^iSJTwiv^  .iv.^v-awi'  ..n" 

^ ^ VC  . t . 

IR’1*’* 


M?) 
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Corollary  1 

If  F depends  only  on  'j)  (resp.  ),  the  path  integral  reduces  to  an 

integral  over  momentum  (resp.  configuration)  space.  In  compressed  notation: 

y-J  ^ FM/SW  (o,*I.i)  (Hi) 


IF* 


r 


J y ^ ^f(^)  J 7^/ / o) -e,  ^ M ) 

y /R*  ^ JR* 


Thus,  in  the  second  case,  the  measure  W (^f  *j)  in  phase  space  has  the  same 
effect  as  the  measure  in  the  configuration  space  of  paths 

such  that  and  , i.e. 

/ F (< >», i?) ■W (v0  = / p(<M>)cKi,(‘0 

y 

li  . and  viT.i  were  introduced  and  studied  in  Ref.  7. 

Moments  formula 

5> 


hi) 


WM  /| 


- A. 


►*1+-  n 


r^aVaY-  .ay 


Proof 


Theorem  2 and  the  fact  that 


4 •• + Tv-)  | ^ ^ 

/ kx  1 

* e'  'Jn  = 0 M are  needed. 


22 


Application  to  the  Gaussian  Measure 

If  we  apply  Theorem  2 to  the  Gaussian  measure  defined  in  (12)  in  Theorem 
1,  we  obtain: 


7 


f 

J 

IR 

[(lutifVw,  cUrS]'^ 

x 

(*»7) 

- 2 (w’C  S"1)'5  K'°. 

OK'  -•■i) 

+ (w'l+W'«'lCW'iy*('‘:- 

<XVV>j 

(<??) 

^ ■ 

HO 

5 JJ 

t r 4 

( ) 

£ //  6 (V,v)  ^ (VUVjU1) 

y-  v*) 

OO 

V0 

T 1 

£ J/  G:^  U,V')  lV) 

( va  y- 

(»02) 

s 

, V - C W'c 

[ iaa  y t 

( 

rw 

( C.  being  the  transpose  of  C 
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Proof 

The  proof  is  straightforward  with  repeated  use  of  the  formula^ 


( w) 


--  (FwY  _ \JU*  , Vu6(Rn 

lyi  .I~uT~a~  -L  2 cl  / 


Ui/IST  £ 

where  C*  = k*  ^ (A''\- 


V w 

. Here  (*■}&.  € and  one  needs 


^ -6otJ»  (^41k)  d*  - (-ft /a)  -by^  !Ha)  f 9<l{a)40  (loi) 


If  the  functional  to  be  integrated  does  not  have  a dependence,  then 

Corollary  1 gives: 


f F(<^‘  |17/  “*/ 

- J ^ </M‘'/ci>)  ^wv,  (ri) 

,|i(w^K-o(VV 

which  is  formula  (59)  in  Ref.  7.  If  F has  no  *j  dependence,  then: 

i F (<■*',  p>,  -v  <v„,  (>?  w (|-,|) 


( lot) 


(10-7) 


Averages  and  covariances 

The  moments  formula  (96)  applied  to  the  Gaussian  measure  readily 

gives  the  average  position  and  momentum  for  W”*  : ' 


/ q(0<Ui  (m)  * <\  (*) 

9 

J >j>(0  cW(p^)^  j>(0 

(w) 

indicating  that  and  were  correctly  identified  in  the  statement  of 

Theorem  1.  The  covariances  are: 

| 

7 

J C''0 

7 
7 


C*  (t  is  the  only  covariance  not  to  be  continuous  across  the  diagonal 

■£  .-  t'  • It  has  a jump  of  magnitude  1 there,  as  established  earlier.  Thus,  the 
correlation  between  ^ and  *j  at  a given  time  t"  with  respect  to  the  measure 
VaT  can  only  be  established  to  within  A ih  . 


The  Set  of  "Important  Paths" 

The  variances  A ( V ,1  ) and  , squares  of  the 

"standard  deviations"  A^j(0and  provide  a measure*  of  the  degree  ot 

dispersion  of  the  Feynman  paths  about  the  average  position  and  momentum.  We  now 
calculate  and  ^ p for  the  free  particle  and  the  harmonic  oscillator, 

using  the  results  established  earlier  for  these  two  systems. 


free  pa r t Jr  le 


&<)  ( t-)  = 


A(|>u)  = £ -ihrij  w 
(ArA<])(0= 


Harmonic  oscillator 


r 


A 4v*\  u>  (ty'O  -Vv^vooC  V - fa) 
tw  cj  cOT" 


(113) 


( iw) 
(us) 


(ut) 


I 

K^\  r -A.4\VMa)  CC~><A(Vfe  C Vr -tTo.)  1 ^ u^j 

^ L ^xuiT  J 

(Af . a<j)(0  - _i — (is?) 

*^|/AvaIa)T) 


In  both  Instances,  we  have: 


(Aj».  Acj)  ((-)  ^ i 


(•■1) 


A first  glance  at  this  relation  might  give  the  impression  that  we  have 
obtained  the  uncertainty  principle  backwards.  In  fact,  this  relation  has  nothing  to 
do  with  the  uncertainty  principle.  If  /\  (j  and  /\  p are  calculated  with 
respect  to  ^ (^t)  and  4^  * the  wave  functions  of  the  particles  in 

configuration  and  momentum  spaces  at  time  "t  , then  they  reflect  the  effect 
of  measurement,  and  ( tS  . A r|^  (t) ^ . But  if  At}  and  A p are  calculated 

with  respect  to  the  phase  space  measure  then  they  simply  reflect 

which  paths  are  weighed  more  heavily  (i.e.  contribute  the  most)  in  the  sum  over 
paths.  To  be  more  precise,’  they  determine  how  far  one  must  deviate  from  the 
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average  (here,  classical)  path  to  still  find  paths  which  contribute  appreciably 
to  the  sum  over  paths.  In  these  two  cases  (as  in  most  cases),  these  "important" 
paths  are  so  close  to  the  average  path  in  phase  space  that  . Acj  is 

always  extremely  small  — in  fact,  never  larger  than  \ J 2_ 

Note  that  the  average  square  velocity  in  configuration  space  is 
infinite,  indicating  that  the  "important"  paths  in  configuration  space  are  the 
nondif ferentiable  ones,  a well-known  result.  For  example,  in  the  case  of  the 
free  particle, 

so 


' JL-  fk/k')  - luvv  r 


* ^ ^ +-  A V\  ^ ( t " t )1 

T “ 


C I 2 y) 


Comparison  with  (114)  shows  that  we  do  not  have  (0  - A (kr); 

nor  should  we  expect  it,  since  no  relationship  is  assumed  between  ^ and  CJ 
in  the  unrestricted  sum  over  paths  in  phase  space. 


IV.  APPLICATIONS 


1.  Perturbation  Expansion 


The  propagator  corresponding  to  H c He  •ick  R.  , where  H0  is  given 

^ .V\  /v«.  /V\ 

by  (15),  is: 

-Kj  H f (\2() 


where  H(  is  the  classical  equivalent^  of  , and  wT  is  defined  in  (12). 


AA 
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This  is  a direct  application  of  Theorem  1.  By  expanding  the  exponential  and 
carrying  out  the  resulting  path  integrals  by  use  of  the  moments  formula . (96) , one  . 
obtains  the  propagator  as  a power  series  in  • 

2.  Semiclassical  Expansion 

A more  useful  application  of  Theorem  1 is  to  use  it  to  expand  the  ratio 
of  the  propagator  to  its  WKB  approximation  in  a power  series  in  : 


K =■  k K,  f K7  ( 1 21) 


This  is  the  semiclassical  expansion,  treated  in  configuration  space  in  Refs. 

6,  8,  and  9.  The  terms  K;  are  "doable"  path  integrals  of  cylindrical  func- 

A. 

tionals,  which  can  be  evaluated  using  (96) . Such  an  expansion  has  been  used 

6 9 

to  shed  some  light  on  the  anharmonic  oscillator  * . Sometimes,  due  to  the  pecu- 
liarities of  the  Hamiltonian,  a configuration  space  path  integral  scheme  is 
not  possible.  A phase  space  path  integral  scheme  is  always  possible.  We  now 
show  how  to  generalize  the  path  integral  treatment  of  the  semiclassical 
expansion  to  arbitrary  Hamiltonians. 


THEOREM  3.  The  propagator  corresponding  to  an  arbitrary  H [_  see  Eq.  (1)^] 
can  be  expressed  as  the  following  path  integral: 

K - J £X|>  ^ -O-K,  f.)  K'j)}  <w  (’J,*)  0?5) 

z 

where 


(2)  ^ | «mT  = | *(kfc)  s * (ti.y-0  ; 

vj  ( v)  A \ C ( 'Z  i ) 

(3) -&ft^t)  is  an  operator  resulting  from  the  expansion  of  the  action  functional 

about  the  classical  path  ( <j  ^ : 

S(l,*)  S S(x  + <lt  + 

= s(i«,t«)  + s'a^«)u,3)+z^"(^;ft)(^) 

(4)  The  Gaussian  measure  v\f  is  as  in  Theorem  1,  with 


3ii)  = 


f'a)  = 


>~1  .. 
o W 


0^7) 


fcf« 


Vh  ' 

1 

f 12^) 

rbeJi 

‘ls?« 

f-A 

VH 

1 9 = 9 c. 

ted  by  expanding  the  exponential 

in  a power  serie 

4 Or)  - 


which  can  then  be  rearranged  to  yield  a power  series  in  where  the  terms 

depend  only  on  the  classical  path  |>(  j . 

Proof 

In  the  expansion  (126)  of  the  action,  the  term  $ 3) 

in  0 by  definition  of  the  classical  path  ( ^ c ) (ft  yields  Hamilton's 
equations).  The  term  *5) " ( c\(  /f|>,  ) ( Y ) / 2-  is 
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X 

z 


(no) 


O 


where  C/  Is  the  small  disturbance  operator  (59).  Expanding  this  term, 

Integrating  the  — 7 f i 1 0^-"  term  by  parts  to  get 

J , and  lumping  the  resulting  expression  (quadratic 

in  x and  ) into  the  measure  by  using  Theorem  1,  yields  the  desired 

result.  The  in  the  denominator  will  always  be  cancelled  by  higher  powers 

of  in  the  numerator,  due  to  the  fact  that  the  moments  formula  needed  to 

evaluate  the  various  path  integrals  arising  in  the  expansion  of  the  exponential 
in  (123)  yields  products  of  covariances,  each  of  which  is  multiplied  by  ^ * * . 


V.  CONCLUSION 

The  generalization  of  the  path  integral  scheme  to  arbitrary  Hamiltonians, 
which  can  only  be  done  in  phase  space,  is  best  carried  out  without  the  limiting 
process  which  makes  the  integrals  difficult  to  compute.  This  paper  has 
built  Gaussian  phase  space  measures  which  do  not  require  any  reference  to  such 
a limiting  process,  shown  how  to  Integrate  with  respect  to  them,  and  given 
examples  of  how  these  measures  can  be  of  use  in  solving  problems.  It  would  be 
useful  to  find  non-Gaussian  measures,  which  would  absorb  larger  parts  of  the 
functionals  to  be  integrated. 
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FOOTNOTES 


1.  In  most  cases  of  physical  interest,  e.g.  when  the  quantum  Hamiltonian 

operator  is  £ = [P-(e/c)A(G)y/2  + e 4?  ( Q)  » ^ ln  (!)  is  the 

classical  Hamiltonian  ||  . For  stronger  couplings  of  and  P , e.g.  when 

^ A\  ^ 

there  is  a metric  / 12 ) to  be  considered,  H in  (1)  is  of  the  form 
Mc  f O(^)  • In  M’  M-  Mizrahi,  J.  Math.  Phys.  16  (1975),  2201-2206, 

it  was  shown  that  H could  be  the  Weyl  transform  of  Pt  . Other  possibilities, 
all  yielding  the  same  propagator,  are  being  investigated.  At  any  rate,  we  always 
have  H r Mc  for  Hermitian  Ms  .In  this  paper,  we  assume 

that  m _ Mc  • 

2.  See,  e.g.,  R.  P.  Feynman,  Phys.  Rev.  (1951),  108-128,  Appendix  B;  H.  Davies, 
Proc.  Camb.  Phil.  Soc.  59;  (1963),  147-155;  C.  Garrod,  Rev.  Mod.  Phys.  _38  (1966), 
483-494;  and  M.  M.  Mizrahi,  op.  cit. 

/ / 

3.  See,  e.g.,  N.  Bourbaki,  Elements  de  Mathematiques  (Hermann,  Paris,  1969), 

Vol . XXXV,  Book  VI,  Chap.  IX. 

4.  C.  DeWitt-Morette,  Comm.  Math.  Phys.  2f!  (1972),  47-67. 

5.  C.  DeWitt-Morette,  Comm.  Math.  Phys.  37  (1974),  63-81. 

6.  M.  M.  Mizrahi,  "An  Investigation  of  the  Feynman  Path  Integral  Formulation 
of  Quantum  Mechanics",  Ph.D.  dissertation,  the  University  o*i  Texas  at  Austin, 
August  1975,  unpublished. 

7.  M.  M.  Mizrahi,  J.  Math.  Phys.  17  (1976),  566-575. 

8.  C.  DeWitt-Morette,  Ann.  of  Phys.  97  (1976),  367-399. 
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9.  M.  M.  Mizrahi,  "WKB  Expansions  by  Path  Integrals,  With  Applications  to  the 
Anharmonic  Oscillator",  preprint jUniversity  of  Texas  at  Austin  and  Center  for 
Naval  Analyses  ;of  the  University  of  Rochester. 

10.  Only  in  the  case  of  the  Wiener  integral  (no  "i"s  in  the  exponent)  is  a 
bona  fide  measure  obtained.  In  the  case  of  the  Feynman  path  integral,  the 
imaginary  Gaussian  measures  on  , building  blocks  of  the  promeasure  one 
hopes  to  turn  into  a measure,  are  not  bounded.  This  fact  makes  this  attempt 
at  mathematical  legalization  fall  through.  However,  when  one  works  with  the 
Fourier  transforms  of  the  promeasure,  the  boundedness  requirement  is  no  longer 
needed,  and  progress  can  be  made  for  computational  purposes.  C.  DeWitt-Morette 
calls  the  resulting  objects  "pseudomeasures",  P.  Kree  ^Bull.  Soc.  Math.  France 
46  (1976),  143-162 3 calls  them  "prodistributidns".  For  simplicity  we  call 
them  "measures",  as  they  are  formally  used  as  such. 

11.  M.  M.  Mizrahi,  J.  Math.  Phys.  16  (1975),  2201-2206. 

12.  This  is  a very  simple  application  of  more  general  restrictions  on  the  use 
of  the  given  WKB  approximation  formula  to  a certain  class  of  correspondence 
rules  between  the  classical  and  quantum  Hamiltonians,  found  in  M.  M.  Mizrahi, 
J.  Math.  Phys.  18  (1977),  786-790. 

13.  In  "Path  Integration  in  Phase  Space",  by  C.  DeWitt-Morette,  A.  Maheshwari, 
and  B.  Nelson,  preprint  (to  appear  in  Gen.  Rel.  and  Gray.),  a similar  measure 
is  presented  using  a different  approach.  This  paper  and  the  present  one, 
written  independently,  complement  each  other  and  should  be  read  concurrently. 

14.  This  formula  can  be  proved  by  path  integrals  — see  Ref.  7. 


Addenda  to  M.M.  Mizrahi's  "Phase  Space  Path  Integrals,  Without  Limiting  Procedure" 


APPENDIX  A 


Intuitive  Justification  of  Theorem  1 and  of  Path  Integration  Without  Limiting 
Procedure 

A Caussian  measure  on  lK  which  can  be  written  as 

V"  V (A,) 

has  as  its  Fourier  transform  the  exponential  of  a quadratic  form  involving  the 
inverse  of  the  matrix  C : 

(5Y)(*)»  / t '*’*** (j)  * ["i  (c  iix*x*]  (Al) 

|R"  * 

How  does  this  carry  over  to  infinite-dimensional  spaces?  This  is  the 

question  answered  in  Theorem  1.  The  phase  space  measure  in  (11),  after 

, 15 

integrations  by  parts,  can  be  written  as: 

[$?1  rm)Z  O"  („ 

where  O is  the  operator  defined  in  (20).  'O  is  seen  to  play  the  role  of  the 
matrix  C above.  Therefore,  by  analogy,  one  expects  the  Fourier  transform 
of  VT  to  be  the  exponential  of  a quadratic  form  involving  the  inverse  of  & , 
i.e.,  one  of  the  Green  functions  of  , so  that 


• ) 


/?.**•  **■(;  °) 


(A») 


This  is  precisely  what  was  proved.  Which  Green  function  is  used  depends  on  the 


path  space  considered  (for  example,  in  the  free  particle  case  we  saw  that 
consideration  of  the  space  ^ instead  of  ^ led  to  a Green  function 
different  from  ).  The  terms  involving  <J  and  O enter  when  the  average 
path  is  non-zero.  The  reason  why  (/  was  called  the  small  disturbance  operator 
in  Theorem  1 is  that  this  is  what  it  is  when  the  action  is  expanded  about  the 
classical  path,  as  we  have  seen. 


To  illustrate  this  intuitive  justification  further,  we  consider  the  fret— 
particle  measure  UT^  in  configuration  space.  It  is  ( N is  the  "normalization" 
necessary  in  the  time-slicing  approach): 


(l)  ~ | J i 


(AT) 


which  can  be  rewritten  as: 


+ (H) 

The  Fourier  transform  of  indeed  has  as  its  covariance  an  inverse  oi 

-M  Al/JJcx  , namely  the  Green  function  Qr  ,in  The  form  (At)  can  he 

easily  generalized  to  the  more  general  conf iguration  space  measure  Induced 

by  in  (*>) : ”'w' m is  replaced  by  in  (tl) — as  proved  in  — an 


the  covariance  is  (jf  the  Green  function  of 

ftW  ’ 


introduced  in  theorem  1. 


' '^A  double  Integral,  corresponding  to  the  double  summation  in  M , can  be  easily 
obtained  by  replacing  in  (Al)  by  J % (t-  fc')  f ft'j)  <^T  . 

T 

^In  the  case  of  the  free  particle  in  momentum  space,  a rare  case  where  a measure 
in  momentum  space  alone  can  be  used,  we  have 

**  ~ [^]  ***  I l '^‘Kl  ‘ 

The  operator  corresponding  to  £ is  then  simply  the  constant  . Its  inverse 

in  the  sense  of  (M)  is  the  constant  */r.  It  is  the  negative  of  <S>  W)  for  the 
free  particle  because  |>/2wi  appears  with  a different  sign  in  (ll)  . 


Insert  p.  27  after  line  3. 


Calculation  of 

K , the  propagator  corresponding  to  H in  /lS7,is  given  exactly  by 
its  WKB  approximation.  Thus,  we  only  need  to  calculate  the  classical  action. 


The  action  functional  is: 


t r olt) 

■ t iw j - £ i A [iiw-nwvl  (iih) 


tions 


where  /Q  is  the  operator  . This  can  be  easily  established  by  integrate 

,1  ,v* 

by  parts  of  the  ^ and ^ ) terms.  At  the  classical  path  , the  first  term 

vanishes  since  ^ Q s (D  <4  =.  0 , and  only  the  integrated  term  remains.  £ (ft)  gives 
Sfe  ICO  <c* 

(|  ir  terms  of  the  kernel  X , and  we  get: 


s [i  1 = f I f J’1  + A!^  -ft (to] 

i r ^,1  + _4(t- 0 

W JCtv.O  * 3 ((-.)  J 


(me) 


1 


-\r_ . 

W*'  JCtv,0  Sjtt.)  J T(h,t,)yf3(e«)3(tl"  ] 

where  we  have  used  the  fact  that  J/2((:a,W* • Note  that 

that  ( X . denotes  derivative  with  respe<  t 


to  ith  argument).  Finally: 


K. 


(.  ! 1 *•) 


CNA  Professional  Papers  — 1973  to  Present 


PP  103 

Fiiedheim.  Rohcri  l . "Political  Aspects  ol  Ocean 
Ecology"  AS  pp.,  I eh  197.3,  published  in  Who 
Piotects  the  Oceans.  John  Lawrence  Hargrove  ted.) 
(Si  Paul  West  Publ'g.  Co..  1 9 74).  published  by  the 
American  Society  ol  International  l.aw)  Al)  757  9.36 

PP  104 

Schick.  Jack  M "A  Review  of  James  Cable.  Gunboat 
Diplomacy  Political  Applications  of  Limited  Naval 
Forces."  5 pp  . Feb  1973,  (Reviewed  in  the  American 
Political  Science  Review.  Vol  LXVI.  Dec  197?) 

PP  105 

Corn.  Robert  J and  Phillips,  Cars  R . "On  Optimal 
Correction  of  Gunfire  Errors,"  22  pp..  Mar  1973. 
AD  7M  r>74 

PP  I Ob 

Stololf.  Peter  H . "User's  Guide  lot  Generalized 
Factor  Analysis  Program  (FACTAN)"  35  pp..  Feb 
1973.  (Includes  an  addendum  published  Aug  1974) 
AD  ’58  824 

PP  107 

Stolon . Peter  II  "Relating  Factor  Analytically  De- 
rived Measures  to  Fsogcnous  Variables."  17  pp  , Mar 
1973.  AD  758  820 

PP  108 

McConnell.  James  M and  Kelly.  Anne  M "Super- 
power Naval  Diplomacy  in  the  Indo  Pakistani  Crisis." 
;4  pp.,  5 Feb  1973.  I Published,  with  revisions,  in 
Survival.  Nov  .'Dec  197.3)  AD  761  675 

PP  109 

Bctghoefet.  Fred  C.  . "Salaries  A Framework  for  the 
Study  of  Trend."  8 pp  . Dec  1973.  (Published  in 
Review  ot  Income  and  Wealth.  Series  18.  No  4,  Dec 
1972) 

PP  110 

Augusta.  Joseph.  A Critique  of  Cost  Analysis,"  9 
pp..  Jill  1973,  AD  766  376 

PP  III 

Herrick.  Robert  3V  . "The  USSR's  Blue  Belt  of 
Defense’  Concept  A Unified  Military  Plan  for  De- 
fense Against  Seaborne  Nuclear  Attack  by  Strike 
t amers  and  Polaris  Poseidon  SSBNs"  18  pp  . May 

1973.  AD  766  375 

PP  I 1 2 

Ginsberg,  l awrem-e  H,  "III  Atmosphere  Noise 
level  Statistics  l"t  Protect  SANGU1NF."  29  pp..  Apr 
|9"4,  AD  786 969 

IT  l 1 3 

Ginsberg.  Lawrence  H.  "Propagation  Anomalies 
During  Protect  SANGUINF  Experiments"  5 pp  . Apr 

1974.  AD  786  968 

PP  I 14 

Maloney.  Arthur  P "Job  Satisfaction  and  Job 
Turnover,"  41  pp.Jul  197.3.  AD  768  410 

PP  1 1 5 

Silverman,  letter  P "The  Determinants  of  Emer- 
gency and  Elective  Admissions  t"  Hospitals,"  145 
pp  . 18  lul  1973.  Al)  766  177 


PP  116 

Rchtn,  Allan  S "An  Assessment  ot  Militji>  Opera 
turns  Research  in  the  USSR."  19  pp  Sep  197.3. 
(Reprinted  from  Proceedings  30th  Military  Opera 
lions  Rescuich  Symposium  (U).  Secret  Dec  1972) 
AD  770  1 16 

PP  1 17 

McWhlte,  Petei  B and  Ratlin  II  Donald.*  "De 
fending  a logistics  System  Under  Mining  Attack,  •* 
24  pp  . Aug  1976  (to  be  submitted  lor  publication  in 
Naval  Research  Logistics  Quarterly),  presented  at 
44th  National  Meeting.  Opetatt  ms  Research  Society 
of  America.  November  197  3.  Al)  A030  454 
• University  of  Florida 

00 Re  search  supported  in  / xirr  under  Office  of  \aval 
Research  Contract  WOO  1 4 6N-027.1 00 1 7 

PP  118 

Barfoot,  C Bernard.  "Markov  Ikiels  18  pp  . Apr 
1973.  (Reprinted  from  Operations  Reseat ch.  Vol  22. 
No  2,  Mar  Apt  1974) 

PP  I 19 

Stoloff,  Peter  and  Lockman.  Robert  F . "Develop- 
ment  of  Navy  Human  Relations  Questionnaire."  2 
pp  . May  1974.  (Published  in  American  Psychological 
Association  Proceedings.  81  st  Annual  Convention. 
1973)  AD  779  240 

PP  120 

Smith.  Michael  W and  Schnmper.  Ronald  A .* 
"Economic  Atttfyw  of  the  In  legal)  Dispersion  of 
Criminal  Activity."  30  pp..  Jun  1974,  (Presented  at 
the  Econometric  Society  Meetings.  30  Dec  1973) 
AD  780  538 

• Economics . North  Carolina  State  l 'nnresiry 
PP  121 

Devine.  Eugene  J . "Procurement  and  Retention  of 
Navy  Physicians,"  21  pp  . Jun  1974,  (Presented  at  the 
49th  Annual  Conference.  Western  Economic  Associa 
tion.  las  Vegas.  Nev  . 10  Jun  1974)  AD  780  5.39 

PP  122 

Kelly.  Anne  M . “The  Soviet  Naval  Presence  I hiring 
the  Iraq-Kuwaiti  Bordet  Dispute  March- April  I07!  " 
*4  pp  . Jim  1974.  (Published  in  Sowt  Naval  Policy, 
ed  Michael  MccGwue.  New  York  Praegrrl 
AD  780  592 

PP  123 

Petersen.  Charles  C . "The  Soviet  Port  Clearing  Opera 
turn  in  Bangladesh.  March  D>’?  Drcetnhri  1971."  is 
pp  . Jun  1 974,  (Published  in  Michael  MccGwue.  et  al 
(edl)  Soviet  Naval  Policv  Obifi  tivrs  an.)  ( mist  rain  tv 
(New  York  Praeger  Publishers  |9"4)  AD  780  54<i 

PP  124 

Fnedheim.  Robert  I and  Jf  * n Mats  I Antici 
pating  Soviet  Rehavioi  at  the  Thud  U N law  ot  t)ie 
Sea  Conference  USSR  Positions  and  Dilemmas  3 7 
pp  . 10  Apr  1974  (Puhhshed  in  Soviet  Naval  Polu  s . 
ed  Michael  MccGwue,  Nrw  Ymk  Ptsegri  1 
AD  783  701 

PP  125 

Wemland.  Robert  G . "Soviet  Naval  Operation*  Ten 
Years  of  Change"  I7  pp  . Aug  1 9 ’a  (Published  in 
Soviet  Naval  Policy,  ed  Michael  MccGwue  New 
York  Praeger)  AD  78  3 -v,? 


PP  1 26  Classified 
PP  127 

Dragnich,  George  S . "The  Soviet  Union's  Quest  t *1 
Accesa  to  Nava)  Facilities  in  Fgypt  Pruu  to  the  June 
War  of  1967"  64  pp.Jul  1974.  AD  786  318 

IT  I 28 

Stoloff.  Peter  and  Lockman.  Robert  F . "Evaluation 
of  Naval  Officer  Performance."  1 1 pp  . (Presented  at 
the  82nd  Annual  Convention  of  the  Amencan 
Psychological  Association.  1974)  Aug  1974. 
AD  784  012 

PP  129 

Holen.  Arlene  and  Horowitz.  Stanley.  "Partial  Un- 
employment Insurance  Benefits  and  the  I xtent  ot 
Partial  Unemployment. " 4 pp  , Aug  1 974.  1 Published 
m the  Journal  of  Human  Resources.  Vol  IX.  No  t 
Summer  1974)  AD  784  010 

PP  1 30 

Dismukes.  Biadtoid.  "Roles  and  Missions  ot  Soviet 
Naval  General  Purpose  Forces  in  Wartime  PmvSSBN 
Operation,"  20  pp  , Aug  1974.  AD  786  320 

PP  I 3 1 

Wemland.  Robert  G . "Analysis  ot  (rorshkov  s Vines 
in  b'ur  and  Peace  "45  pp  . Aug  1974.  (Published  in 
Soviet  Naval  Policy,  ed  Michael  MccGwue.  Now 
York  Praeger)  AD  786  3 19 

IT  132 

kfeinman.  Samuel  D..  "Racial  Differences  in  Hours 
Worked  in  the  Market  A Preliminary  Report."  77 
pp  . Feb  1975.  (Papet  read  on  26  Oct  1974  at  I astern 
Economic  Association  Convention  m Albans . N \ ) 
AD  A 005  517 

PP  I 33 

Squires,  Michael  1 . "A  Stochastic  Model  of  Regime 
Change  in  latm  America.”  4?  pp  . Feb  1975 
AD  A 00’  9|? 

PP  I 34 

Root.  R M and  Cunntff.  P I * 'A  Studs  ot  the 
Shock  Spectrum  of  a Two-Degjee-of  I leedorti  Non 
linear  Vibrators  System. " 39  pp  De.  1975  ( Pub 
lished  in  the  condensed  version  ol  The  Journal  ot  the 
Acoustic  Soviets.  Vol  60.  No  t>  lk\  )9’6.  pp  I 314 
*Department  of  Mechanical  l nginccnng  ( nner \m 
Of  Maryland 

PP  1 35 

Goudieau.  Kenneth  A Kuzmack.  Richatd  A 
Wiedemann  Karen,  "Analysis  ot  Closute  Alternatives 
tor  Naval  Stations  and  Naval  An  Station'.'  4’  pp  ) 
Jun  1 975  (Reprinted  from  "Heating  before  the 
Subcommittee  on  Military  Construction  ot  the  l onv 
mittee  on  Aimed  Service."  I S Senate.  9 3i,(  Con 
gtess.  1st  Session.  Part  2.  22  Jun  1973) 

PP  I 36 

Stallings  William.  "Cybernetics  and  Behavioi 
Therapy ."  I * pp  . Jun  I975 

IT  137 

Petersen.  Charles  C . "Die  Soviet  Union  and  the 
Reopening  of  the  Sue/  Canal  Mine,  leafing  Oprra 
tions  in  the  Gull  of  Sue/."  3(3  pp  Aug  |9?5 
AD  A 015  376 


*CNA  Professional  Papers  with  ;in  Al)  number  may  be  obtained  from  the  National  Tcehnical  Information  Service.  I S Department 
of  Commerce.  Springfield.  Virginia  22151  Other  papers  are  available  from  the  author  at  the  Center  for  Nasal  Analyses.  1401 
Wilson  Boulevard.  Arlington.  Virginia  22204 


I - 


CNA  Professional  Papers  — 1973  to  Present  (Continued) 


IT  138 

Stallings.  William.  "BRIDGE  An  Interactive  Dia- 
logue-Generation Facility.”  5 pp..  Aug  1975  (Re- 
printed from  IFFF  Transactions  on  Systems.  Man. 
and  Cybernetics.  Vol.  5,  No.  3.  May  1975) 

PP  1J9 

Morgan.  William  I . Jr..  "Beyond  Folklore  and  Fables 
in  Forestry  to  Positive  Economics."  14  pp..  (Pre- 
sented at  Southern  Economic  Association  Meetings 
November.  19741  Aug  1975.  AD  A 015  29.3 

PP  140 

Mahoney.  Robert  and  Druckman.  Daniel*.  "Simula- 
tion. Experimentation,  and  Context.”  36  pp..  1 Sep 
197>.  (Published  in  Simulation  & Games,  Vol  6.  No. 
3.  Sep  1975) 

"Mathematieo,  Inc 

PP  141 

Mi/rahi.  Maurice  M . "Generalised  Hcrmitc  Poly- 
nomials.’’* 5 pp  . Feb  1 97p  (Repnnted  from  the 
Journal  of  Computational  and  Applied  Mathematics, 
Vol  l.  No  4(1975),  273*277). 

"Research  supported  fn  the  Xanana!  Science 
h'<  •undatu  >n 


PP  149 

Squires.  Michael  l ...  “Countei force  l: fleet iveness  4 
Comparison  of  the  Tsipis  "K”  Measure  and  a Conv 
puter  Simulation.”  24  pp  . Mar  1976  (Presented  at 
the  International  Study  Association  Meetings.  37  Feb 
1976)  AD  A022  59f 

PP  150 

Kelly.  Anne  M and  ft:  ter  sen,  Charles.  "Recent 
Changes  in  Soviet  Naval  Policy  Prospects  loi  Aims 
limitations  in  the  Mediterranean  and  Indian  Ocean.” 
2#  pp-.'.  Apr  1976.  AD  A 023  723 

PP  1 5 1 

Hoiowit/.  Stanley  A . "The  Economic  Consequences 
of  Political  Philosophy."  8 pp  . Api  1976  (Reprinted 
front  Economic  Inquiry.  Vol.  XIV.  No.  I.  Mar  1976) 

PP  152 

Mi/tahi.  Mauri  e M . "On  Path  Integral  Solutions  of 
the  Schrodrnger  Equation,  Without  Limiting  Pur 
cedure."*  10  pp  . Apr  1976  ( Reprinted  trom  Journal 
of  Mathematical  Physics,  Vol.  17.  No.  4 (Apr  1976). 
566-575). 

* Research  supported  hv  the  National  Science 
F\  mndation 


PP  161 

Me lii. h Michael  1 and  Peel.  Vice  Adm  Ray  (USN. 
Retired).  ’’Fleet  Commanders  Alloat  or  Ashore**”  9 
pp  Aug  1976  (Reprinted  from  I S Sava!  Institute 
J'rncecdmxs.  Jun  1976)  AD  4030  456 

PP  162 

Fnedheini.  Robert  1 . •Parliamentary  Diplomacy.” 
106  pp  Sep  J97(>  AD  A033  306 

PP  1 63 

Lockman.  Robert  I . “A  Model  for  Predicting  Re 
emit  Losses.”  'I  pp  . Sep  1976  l Presented  at  the  84th 
annual  convention  ol  the  American  Psychological 
Association.  Washington.  DC.  4 Sep  1976) 
AD  A0  30  459 

PP  1 64 

Mahoney  Robert  H . Ji  . "An  Assessment  ol  Public 
and  l ine  Perceptions  in  Fiance.  The  United  King- 
dom. and  the  f ederal  Republic  ol  Germany.  31  pp  . 
Feb  1977  (Presented  at  Conference  “Perception  of 
the  US  Soviet  Balance  and  the  Political  Uses  ol 
Military'  Power”  sponsored  by  Direcun.  Advanced 
Research  Projects  Agency.  April  1976)  AD  036  599 


i 


i 


PP  142 

Lockman.  Robert  F , Jehn.  Christopher,  arrd 
Shughart,  William  I II.  "Models  tor  Estimating  Pre- 
mature losses  and  Recruiting  District  Performance." 
J6  pp  . Dec  1975  (Presented  at  the  RAND  Con- 
ference on  Defense  Manpimer.  Feb  1 976.  to  be 
published  in  the  conference  proceedings) 
AD  A 020  443 

PP  143 

Horowitz.  Stanlev  and  Sherman.  Allan  (l.Cdr  . USN), 
“Maintenance  Personnel  Effectiveness  in  the  Navy  .” 
33  pp..  Jan  1976  (Presented  at  the  RAND  Conference 
on  Defense  Manpower.  Feb  1976.  to  be  published  in 
the  conference  proceedings  > AD  A03 1 5#  j 

PP  144 

Duich.  William  J . The  Navy  of  the  Republic  of 
China  History.  Problems,  and  Prospects.”  66  pp.. 
Aug  1976  (Jo  be  published  in  ”A  (.wide  to  Asiatic 
Reels.”  ed  bv  Barrv  M Blechman.  Naval  Institute 
Press)  AD  A0 30  460 

PP  )4' 

Kellv.  Amu-  M "Port  Visits  and  the  "Internationalist 
Mission  of  rhe  Soviet  Navy."  to  pp..  \pt  |97ft 
\D  4023  436 

PP  146 

Pahnour.  Vernon  E . " Alternative s tor  Inerejsmf.' 
A^ess  t..  Scientific  Journals.”  6 pp  Apr  1975 
iPreirntei.  at  the  1 9"* 5 II I I Conference  on  Scientific 
J-ximalv  Cherry  Hill.  N(  . Apt  28-30.  published  in 
till  Transaction*  on  Professional  Communication, 
Vol  Pf  Is  V i Sep  1975)  AD  A02 1 798 

PP  14"* 

Kessler  f Christian,  lepul  Is sues  in  Projecting 
Offshore  Structures."’  33  pp  . Jun  1976  (Prepared 
under  task  -,der  N000 1 4-68- A-009 1 002 J for  ONR) 
AD  A02M  ’.89 

PP  148 

Mv.  Connell,  James  M "Military -Political  Tasks  of  the 
Soviet  Navv  in  War  and  Peace.”  62  pp  . Dec  1975 
(ftiMished  m Soviet  Oceans  Development  Study  of 
Senate  Commerce  Committee  October  1 976) 
AD  A022  590 


PP  153 

Mr/rahi.  Maurice  M . "WKB  E xpansions  by  Path 
Integrals.  With  Applications  to  the  Allharmonic 
Oscillator."*  137  pp  May  1976  (Submitted  tor 
publication  in  Annals  of  Physics).  AD  .4025  440 
* Research  supported  bv  the  National  Science 
Foundatu  m 

PP  154 

Mizrahi,  Maurice  M , "On  the  Senu-CJassical  Ex- 
pansion in  Quantum  Mechanics  for  Arbitrary 
Hamiltonians,”  19  pp  , Ma>  1 976  (To  appear  in  the 
Journal  of  Mathematical  Physics)  AD  A025  441 

PP  155 

Squues.  Michael  l . "Soviet  I oteign  Policy  and  Fluid 
World  Nations.”  26  pp  . Jun  1976  (Prepared  tor 
presentation  at  the  Midwest  Political  Science  Assivia- 
tion  meetings  Apr  30.  |97o)  AD  A028  3HH 

IT  1 56 

Stallings.  William.  "Approaches  lo  Chinese  Character 
Recognition."  12  pp..  Jun  1976  (Reprinted  I tom 
Pattern  Recognition  (Pergamon  Press)  Vol  8.  j»p 
87-98.  |9?6)  AD  A0 2 8 69; 

IT  157 

M.upm,  William  I . “Unemployment  and  the 
Pentagon  Budget  Is  There  Anything  m the  Empty 
Pork  Bairrl**"  20  pp  Aug  1976  \1>  A030  455 

IT  1 58 

Haskell.  ICdt  Richard  D (USN).  "I  xpenmental 
Validation  of  Probability  Predictions.”  25  pp..  Aug 
1976  (Presented  at  the  Military  Operations  Reseat ch 
Societv  Meeting.  Fall  1976)  AD  .4030  458 

PP  ] 59 

McConnell.  James  M . “The  Gorshkov  Articles.  The 
New  Gorshkov  Book  and  Their  Relation  to  Policy,” 
93  pp  . Jul  1 976  (To  be  printed  in  Soviet  .Nava/ 
Influence  Domestic  and  F\ *rnjpi  Dimensions,  ed  by 
M Meet. wire  and  J McDonnell.  New  York  Praeger) 
AD  A0 29  227 

PP  160 

Wilson.  Desmond  P . lr  . “The  U.S.  Sixth  Fleet  and 
the  Conventional  Defense  of  I mope."  5q  pp  . Sep 
|976  (Submitted  for  publication  in  Adelphi  Papers 
MSS,  law  don)  AD  A030  45  7 


PP  165 

Jondrovx . Janies  M "Effects  ol  Trade  Restnctions  on 
Imports  of  Steel.”  67  pp  . November  1976.  (Do 
livered  at  II  AB  Conference  in  Dec  1976) 

PP  1 66 

Feldman,  Paul.  “ Impediments  to  the  Implementation 
ot  Desirable  Changes  in  the  Regulation  of  Urban 
Public  Ti  an  spoliation."  12  pp..  Oct  1976. 
AD  A0 3 3 322 

PP  166  Revised 

Feldman.  Paul.  "Why  It’s  Difficult  to  Change  Regula 
lion,”  Oct  1 976 

PP  167 

Klemman.  Samuel.  “ROTt  Service  Commitments  a 
Comment  4 pp  . Nov  |97(,,  (To  be  published  in 
Public  Choice.  Vol  XXIV.  Tall  1976)  \l>  4033  3()5 

PP  1 68 

Lockman.  Robert  I . "Revalidation  ol  CNA  Support 
Personnel  Selection  Measures."  36  pp  . Nov  J97f, 

PP  169 

Jacobson.  I ouis  S.  ’’Ear rungs  Tosses  of  Workers 
Displaced  from  Manufacturing  Industries.”  **  pp  . 
Nov  1 9 76.  (Delivered  at  11  \B  t onletence  ui  Dec 
1976) 

PP  I 70 

Brcchling.  Trank  P.  "A  Time  Senes  Analysis  ot 
Labot  Turnover,"  Nov  1 9"*6  (Delivered  at  II  AB 
< '.inference  m De*  1976) 

IT  1 71 

Ralston.  Janies  M \ Diffusion  M«*del  lot  GaP  Red 
I I D Degradation.  10  pp  . Nov  19-6, 1 Published  ui 
Journal  of  Applied  Pvsrcs  Vol  4’  pp  45|g-452‘\ 
Oct  1 976) 

PP  172 

Classen.  Kathleen  P "l  nernp/ov  merit  Insurance  and 
the  length  ot  Unemployment.”  IVv  1 9 ’tv.  (Presented 
at  the  University  ot  Rochester  l>abot  Workshop  on  16 
Nov  |97M 

PP  173 

Klemman . Samuel  l>  \ Note  on  Racial  Difference* 
in  the  Added  Woikei  Ihscomaged  W'oikrt  t ontio 
versv  ."  2 pp  Ik1!  |9*o  (Published  m the  American 
Economist.  Vol  XX,  No  1.  Spring  1976) 


T 

I 


i 

; 

I 


J 


;J 


CNA  Professional  Papers  - 1973  to  Present  (Continued) 


PP  174 

Mahoney,  Robert  B„  Jr.,  “A  Comparison  of  the 
Brookings  and  International  Incidents  Projects,"  12 
pp.  Feb  1977  AD  037  206 

PP  175 

Levine.  Daniel.  Stoloff,  Peter  and  Spruill,  Nancy. 
"Public  Drug  Treatment  and  Addict  Crime,"  June 
1976,  (Published  in  Journal  of  Legal  Studies,  Vol. 
5.  No.  2) 

PP  176 

Felix,  Wendi,  "Correlates  of  Retention  and  Promo- 
tion for  USNA  Graduates,"  38  pp..  Mar  1977 

PP  177 

Lockman,  Robert  F.  and  Warner,  John  T.,  “Predic- 
ting Attrition:  A Test  of  Alternative  Approaches,” 
33  pp.  Mar  1977.  (Presented  at  the  OSD/ONR  Con- 
ference on  Enlisted  Attrition  Xerox  International 
Training  Center.  Leesburg,  Virginia.  4-7  April  1977) 

PP  178 

Kleinman.  Samuel  D.,  “An  Evaluation  of  Navy  Un- 
restricted Line  Officer  Accession  Programs.”  23  pp. 
April  1977,  (To  be  presented  at  the  NATO  Con- 
ference on  Manpower  Planning  and  Organization 
Design.  Stresa,  Italy.  20  June  1977) 

PP  179 

Stoloff,  Peter  H.  and  Balut,  Stephen  J..  “Vacate  A 
Model  for  Personnel  Inventory  Planning  Under 
Changing  Management  Policy."  14  pp.  April  1977, 
(To  be  presented  at  the  NATO  Conference  on  Man 
power  Planning  and  Organization  Design,  Stresa. 
Italy.  20  June  1977) 

PP  180 

Horowitz.  Stanley  A.  and  Sherman.  Allan.  "The 
Characteristics  of  Naval  Personnel  and  Personnel 
Performance.”  16  pp.  April  1977,  (To  be  presented 
at  the  NATO  Conference  on  Manpower  Planning 
and  Organization  Design.  Stresa,  Italy.  20  June 
1977) 

PP  183 

(Casting.  David.  "Changes  in  Soviet  Naval  Forces,” 
33  pp.,  November  1976,  (To  be  published  as  a 
chapter  in  a book  published  by  The  National 
Strategic  Information  Center) 

PP  186 

MizraJu.  Maurice  M . "Phase  Space  Integrals.  With- 
out Limiting  Procedure,”  31  pp..  May  1977,  (Sub- 
mitted for  publication  in  Journal  of  Mathematical 
Physics) 


